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Abstract—By utilizing the eigenstrain formulation and Cauchy’s residue theorem. a unified explicit
expression for the electroelastic fields inside a flat ellipsoidal crack embedded in an infinite pie-
zoelectric solid subjected to electromechanical loads is presented. In particular, an explicit expression
is obtained for a penny-shaped crack in a transversely isotropic piezoelectric medium, Three loading
cases, a simple tension, a pure shear, and an electric displacement, have been considered to examine
the behavior of penny-shaped cracking. The results show that the applied shear stress does not
couple with the electric displacement, unlike the simple tension case. Furthermore, the change of
potential energy due to the presence of the crack is evaluated. With this result and based on the
Griffith theory, the fracture stresses and critical electric displacement are presented in closed forms.
Explicit expressions for stress and electric displacement intensity factors are also given. 1t is verified
that the resulting fracture stresses and stress intensity factors can be reduced to those for uncoupled
linear elastic fracture mechanics when piezoelectric coupling is absent and the material is isotropic.
> 1997 Elsevier Science Ltd.

INTRODUCTION

As piezoelectric materials are extensively used as actuators, sensors, sonar projector and
medical ultrasonic imaging applications, demand for advanced piezoelectric materials with
high strength, high toughness, low thermal expansion coefficient, and low dielectric constant
thus increases. It has become evident that conventional piezoelectric materials, such as lead
zirconate titanate (PZT) and polyvinylidene difluoride (PVDF), can only partially meet the
aforementioned requirements. In an effort to obtain a piezoelectric material with these
competing properties, considerable research has been directed toward the development of
piezoelectric composite materials engineered to incorporate inclusions. Combining two or
more distinct constituents, piezoelectric composite materials can take the advantages of
cach constituent. However, the introduction of inclusions into base media will generally
lead to the material being anisotropic and complicate. In some situations, it is a common
occurrence for thin fracture cracks to be present in material body. Cracks may be such
that they are detrimental (or possible beneficial) to the performance of the piezoelectric
composites. Therefore, in order that the reliable service lifetime prediction of the composite
can be obtained, it is necessary to clearly examine the electroelastic responses from a
micromechanics point of view so that the influence of cracks can be understood thoroughly.
Thus, the present paper is an attempt to fill this information need.

The study of piezoelectric crack problems is receiving increased attention. The most
significant works in this area are those of Parton (1976), Deeg (1980), Sosa and Pak (1990),
Sosa (1991), Pak (1992), Suo et al. (1992), and Wang (1994). More recently, Dunn (1994)
applied the electroelastic Eshelby tensors (Dunn and Taya, 1992) to investigate the effects
of crack face boundary conditions on the fracture mechanics of piezoelectric solids. Another
rigorous fracture mechanics framework for a flat ellipsoidal flaw in a transversely isotropic
piezoelectric solid was forwarded by Wang (1992, 1994). Through the eigenstrain for-
mulation of Mura (1987) incorporating the equivalent inclusion method of Eshelby (1957),
Wang (1994) obtained integral expressions to represent the crack opening displacement
and the stress intensity factors. These solutions, however, are not explicit because the
residues of the surface integral # and the equivalent eigenstrain that are the key ingredients
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in solving the crack problems have not been obtained in his papers. Consequently, his
approach is limited in applications.

Based on the eigenstrain formulation, this paper is to develop a unified and simple
explicit solution to the problems of a three-dimensional piezoelectric solid containing a flat
ellipsoidal inclusion. The unified expression for the coupled elastic and electric fields in a
flat ellipsoidal inclusion is written in the form of surface integral first, and reduced to a line
integral by employing Cauchy’s residue theorem. Then, the equivalent inclusion method is
applied to obtain the closed-form expression for the fictitious eigenfield in a crack. Detail
calculations are given when the crack is penny-shaped and the material is transversely
isotropic subjected to constant applied mechanical loads and electric displacements. Finally,
based on the Griffith (1921) theory, the critical states as well as the stress and electric
displacement intensity factors of the crack are derived.

BASIC EQUATIONS

Consider an infinitely extended piezoelectric solid D containing an ellipsoidal pie-
zoelectric inclusion © whose electroelastic moduli C,,,,, are the same as the matrix. Let
¥ be eigenficld in Q, and zero in the matrix D—Q. Here the lowercase subscripts range
from 1 to 3, while the uppercase subscripts range from 1 to 4. The electroelastic moduli

Cyun and eigenfield Z%, are defined as follows :

Comn .M <3,
Cors = €, J<3I;M=4, z - {s,,*,,, M<L3 )
Com J=4;M <3, | —Ef=¢* M=4
— Ky J,M =4,

where C,,, is the elastic moduli measured at a constant electric field, e, is the piezoelectric
coefficient measured at a constant strain or electric field, x;, is the dielectric constant
measured at a constant strain, &¥, is the eigenstrain (or stress-free strain), E} is the eig-
enelectric field (or electric displacement-free electric field), and ¢* is the eigenelectric
potential.

The stress and electric displacement, X, in the inclusion caused by Z%, uniformly
distributed in Q can be expressed as:

— * —
O-lj - Ci/'mn(um.n_gi’fm —emj(En _En ’ J - < 3*

Z={ 2

Di = enml(um,n - S:Ir‘m) + Km(En - E:‘ . J = 4’

where u,, &,,. 6,. ¢. £, and D; are the elastic displacement, strain, stress electric potential,
electric field, electric displacement, respectively. In the absence of body forces and free
electric charges in the piezoelectric material, the equation of elastic equilibrium and Gauss’
law of electrostatics are expressed as

o, =0 J<3,
= ’ 3
S s g

Substitution of eqn (3) into (2) leads to
C[JMn L]A/I‘m' = élJMnZ;’\‘ln.n (4)

where
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U Uy M < 37 (5)
e qs.n: _En M=4.

The fundamental eqn (4) can be solved for U,,, by using the standard Fourier transform
technique to give (Huang and Yu, 1994)

a,a»as -

L/VA‘b = T;CqRMan{‘,,,,JV G;qub(E)C ) dS(f), (6)
yi4 52

£
5

ere a,, as, and a, are the lengths of the semiaxes of the ellipsoid, S” is the unit sphere
f.,=1,and

[Tatl
Sl

GAth(E) = Ec]EhNAR(E)//D(E)ﬂ (7)

with N (&) and D(Z) being the cofactor and the determinant of the 4 x 4 matrix C, & &,
respectively.

FLAT ELLIPSOIDAL INCLUSION

When the inclusion is a flat ellipsoid (¢; « a,, @,). eqn (6) can be further simplified by
the following transformation (Mura, 1987):

Ei a3l dS() =dEéido =(1-335)" *dedh. (8)
Since G,‘,R,,,,(E,. &8 isa homogeneous function of degree zero. it can be expressed as

Garpl(] —&3)' Teosb(1-E3) 2 sind, C;z] = G pp(cos0,sin b, 7). 9)

Substituting eqns (8) and (9) into (6) results in

] 1.
UA./» = 4‘71: CqRMnZTIn YAth- (10)
where
in * G cosfl,sinf, ,
}yAth:alazazJ’ d@J 5 qub( PR _‘),’ wd( (ll)
0 ~x (@i cos* O+a3 sin? B+ a5t?)?
With use of the identity
¢ [ ! ]_ aj cos’ 04 a? sin® 0 12
0t (ai cos® O+aisin® 0+ air?)' 2 (@2 cos? O+ aZsin® 0+alr?)¥?’
eqn (11) is written as
2n d(? x* .
Yipgp = a1020;5 T G 4rplcost,sin b, 1)
o aycos O+assin® 8 J_,
é t
. de. (13)

of (af cos? 6+a§ sin’ 0+a§f2)l :
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When integrating by parts with respect to ¢ and using the property
G argp(cOst,sinl, 1) = G yg5(cos 0/1,5in0/t,1) = G 42,,(0,0,1) as t » + 00, eqn (13) can be
shown to be

o

2n dH 2n dg
YAqu = 2a1a2GAqu(Oa 0, I)J 5 5 2 o s J 2 2 2 i
o aicos”f—assin® 0 o aicos’B+assin® 8

P ' a .
.Jl e i Gagp(costsin0.0dr. (14)

Since the first term on the right hand of eqn (14) can be obtained as

2n d0
2a,a,a;G 4£,4(0,0, l)j 5 o = 4G e (0,0, 1), (15)
o a;cos’ B+a;sin” 8
eqn (14) is expressed as
Yirg = 47[GAth(O7O:~ 1) _asnAqu~ (16)

where

2 M1 z ’(1—52)1"2 8 ~ _ _ -
[ ypp = 14 J f =3 - [G ar(E1, &, ENNAE dO. (17)

o J_1(a}cos? 0+alsin? 0)>2 &C,
Substituting eqns (16) and (17) into (6), we finally have

1 .
U= @ CqRMnZT/In[“nGAqu(O’ 0, l)_a]HAqu]- (18)

It is seen from the above equation that the evaluation of I1 4, is of primary importance
as with its analytical expression in hand, the electroelastic fields given in eqns (2) and (18)
can easily be solved. Therefore, it will be devoted to explore analytical expressions for I,
in the next section.

EVALUATION OF II INTEGRAL

In general, eqn (17) cannot be expressed analytically. However, it can be expressed in
a complex variable form so that the eqn (17) in terms of complex variable z, while cos 8
and d6 are changed to

cos =(z+2z"")/2, sinf=(z—z"")/2i, db = dz/iz. (19)

Then, using Cauchy’s residue theorem, eqn (17) can be carried out explicitly as

1

ypg = 27 j

R[f1dE,, 20)

where

et

»)]do, 21

Sl

[GAqu(EI s

.

2n 7’//1_-2 1.2
R[ﬂ:alazj\ &/( &)

o (ajcos® 8+a;sin? 0)*°
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which denotes the sum of the residues of the complex function f existing within the unit
circle |z| = 1 under a fixed value of ;. It is noted that there are twelve poles in eqn (21).

Next, Iz, for a penny-shaped inclusion (¢, « @, = @, = a) which is a special shape
of a flat ellipsoid will be explored. Suppose that the crystalline directions of the piezoelectric
material are coincident with the principal axes of the inclusion, and both the piezoelectric
matrix and piezoelectric inclusion are considered to be transversely isotropic with x; as a
symmetry axis. Upon substituting D(&) and N (&) into eqn (21), and evaluating the
residues, all other components of I1 ., are zero except the following :

l—11111 =

Hll"" -

H|133=

fl

H3433 =

-7 1 R )
M), = ZJ‘ AN A =x) "2 [Bay +6 )1 —x7) +(@dy + 31, +hn)
0

(1 —x2)3x3+(4m,1 +3p1+g,)1 _xz)x4+4rnx6] dx,

T

_ I
My, = ZJ A7 (1=x*) """ [(a, +3b1|)(1_xz)3+(4d11 +f1+3h)
0

(1=x*) x>+ @my, +p +3q,) (1 —=xH)x* +4r;, x°]dx,

-2 ! ; 7 2

ng}g = 7ﬁj‘ A72x2(1 —xz)f""z[ao(l “XA)é +11(] —XL)SXZ
0

+ o (1= x) x4 o, (1 —x2)2x® + o (1 —x3)?x"" + e x' 2] dx,

lezl = Hzn: = H2121

1
2—;J A1 _xz)l'z[alz(l —x*)*+b,(1 —xz)x2+d,2x"']dx,
0

= H1331 = H3|13 = H313| = H2323 = H2332 = H3223 = H3232

—2n ! 1 5 22 2 2
T4 B (1—x*)" 12 d5(1 = x*) + f15x%] dx,

4]

= H1431 = H4113 = I—14131 = H2423 = I_12432 = H4223 = H4232

-2 1
TRJ B7 (1 —xM) 712 d o (1 - x%) +f1.x7] dx,

0

_op M
=I5, = Tnj Bvl(l _xz)vm[d‘%z(] _xz)z +f3:(1 —x2)x2 +h33x4] dx,

0

877: ! _2 .2 2y —1/2 8 2 6
=4 B x"(1 = x7) " [(hohss —mg f33)X° + 2(fohsy —modys) (1 —x7)x
0

+ (fofsz —hodsy +3doh;3)(1 —x7)x* +2d, f1: (1 = x7)°x*
+dod;5(1 “-’Cz)“] dx,

= 1_[4311 = H3422 = H4322

—2n

1§
j B '(1=x1) " dyy (1 = x4+ f1(1 —x)x? + hyyx*] dx,
Q0

8n [ S .1 .
M55 = ;J B72x?(1=x*) " {(hohss —mg f34)x% 4+ 2(fohss —mydis)
0

(1—xH)x + (fofsa—hodzs +3doh; 3 )(1—x%)x* 4 2d, f34(1 —x*)'x?
+d()d34(1 _x2)4] d.x,
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—2n ! s 1a vea e s
g =gy = “TJ B =x*) " dya (1 = X7 +fi (1= X7)x" +- 74557 ] dx,
L Jo

8n [ s . :
M35 = aJ B x (1 —x) "2 [(hohys — o fau) X" +2(fohay —modys)
0

(1 —x7)x+ (fotas —hodaq+3dohya) (] “»’52)2»\'4 +2d f44(1 —Xz)}-’(2
+dodys(1—x7)*]dx, (22)

where

A = [ay(1 —x*) +byx?]B.

B=dy(1—x*) +fi(1 —x7)2x7 +hy(1 = x7)x* +mgx®. (23)

The coeflicients a, ~ m, and @, ~ r,;, in eqn (22) have been given in the paper of Huang
and Yu (1994), and a) ~ a, in I3, are listed in the Appendix. It is noted that when
piezoelectric coupling is absent, i.e., ¢,,, = 0, the expressions in eqn (2) agree with Mura’s
(1987) results for a transversely isotropic elastic medium. However, I1,,, and I15;,, on page
258 of Mura’s book are incorrect.

EQUIVALENT INCLUSION METHOD

In this section, the equivalent inclusion idea of Eshelby (1957) is applied to solve
the piezoelectric crack problems. An analytical method for determining the closed-form
solutions of the equivalent eigenfields is presented.

Consider a sufficiently large piezoelectric solid with electroelastic moduli C,,,,, con-
taining an ellipsoidal inhomogeneity Q with electroelastic moduli C%,,. When the pie-
zoelectric material is subjected to the uniform applied stress and electric displacement £,
the stress and electric displacement will be X, +X,, due to the presence of Q. Here X,
represents the stress and electric displacement disturbance caused by the presence of the
inhomogeneity. According to the equivalent inclusion method (Eshelby, 1957), the stress
and electric displacement in Q can be simulated by those in an equivalent inclusion with
the electroelastic constants of the matrix and a uniform fictitious eigenfield, Z%,, namely,

0
Z +Z = Chap(U%s+Uyy)

i i

= Cym(Uls+ Usp—2Z%) Inf (24)

Since a crack can be understood as the inhomogeneity where its electroelastic moduli
vanish (by setting C%,, =0, and ¢, =0, and «} = 0), the equivalency condition (24)
becomes

0
Y4y = Con(Usy+Usy—2%) =0 inQ. (25)

i iJ

Substituting eqn (18) into the foregoing equation, the stress and electric displacement
disturbances caused by the crack are expressed as
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Z = éiJAb(UA,b - Zjh)
iJ

= (Kiyas— a3 Liy1s) 2%, (26)
where
K:JAh = CIJMN éaRAbGMan(Os 0, 1) - éuAh (27)
Lijaw = L CiratnCorasagrgn- (28)
4n ¢ ?

It can easily be shown that K,;,, vanishes if one of subscripts is three, i.e., the only
nonzero components of K, ,, are Kij,( = Kyn), Kiino( = Kooit)s Kiniz, Kiaa( = Kaaiz). In
addition, since L, 1s independent of a;, we obtain the following properties:

},ir}lo (Kyyas—asLi ) = Kijap (29)

if none of the i, J, A, b equals 3, and

}jg})(KzJAh —a; L) = —asLyy, (30)

otherwise. Using the results (26)—(30), eqn (25) when written out in detail gives a system
of nine equations:

0
_Z =K. Z% + Ky 12.2%, —an}(a,zzakz)—zL]123(0323‘3)_2141113(5132’1*3)
1

+2K1112‘ZT2 +K114IZTI +K114ZZI2-LI143(a3Z?‘:3)5 (31)

0
_Z =Ky ZF +Ky500 2%, fL2233(a3Z§3)——2]_2223(61322‘3)—2L2213(a32’f3)

+2K551: 2 + Kona Z8 + Kpan Z8 — Lanas(aa Z3s),  (32)

0
—Z = —L3301(a:ZY)) — L1322(a:. Z%) — Lys33(a3 Z%) — 2L5153(a: 2%3) — 2L4513(a: ZT)
13

= 2La512(ayZYs) — L33y (@3 2%)) — L3342 (a: Z5) — Lasas (a3 Z55),  (33)
0

—Z = — Loy ((a:Z%) — Lr122(a3Z%,) — Ly333(a3 Z%) — 21,304 (a3. Z2%) — 21,5 5(a, ZT,)

23

—2L;315(a52%) — Lasa (@3 Z%) — Lysan (3 2%,) — Lasas(a: Z%5),  (34)

0
_Z, = =Ly (@:Z%) = Lis02(a3Z%,) — L33 (as Z%5) = 2L 553(a, Z%3) — 2L 1513(a5 ZTs)

—2Ly315(a3Z%) — L340 (@3 Z%) — L1342(0:Z2%) — Li34s(a: Z%),  (35)

0
_z = Ko ZH + Ki2224% — Li233(a3 Z%) — 2L 053(a: Z%3) — 2L 515(a5 ZT)
12

+2K12122T2 +KI24IZI1 +K124ZZ‘T2 _LI243(aBZ:3)s (36)
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—Z = K141|Z>1k1 +K422Z% —L1433(a3Z’3"3)—2L1423(a32’2"3)—2L]413(a3ZT3)
14

+2K1412Z% + K1y Z5 + K140, 2% — Ligss (@, 2%,), (37)
0
—Z = Koo 1 ZY1 + K22 Z% — Lya33(a52%) = 2L,40:(a: Z%:) — 2L, 3 (a3 ZY)
22
+2K:4012Z5 + Ko 235 + Koyan Z5; — Losas(a:n Z35),  (38)

0
—Z = — L3y (a:Z%)) — Lyan (a3 Z2%,) — Lyys: (a3 Z%) —2L3 453 (a3 Z%5) — 2L54,5 (0, ZT5)
33

= 21341200 ZF2) = Lyaa (@5 Z75)) — L3420 Z255) — Laaas (a5 ZT5). - (39)

Thus, the equivalent eigenstrain and eigenelectric field, Z%,, can be solved from this

set of equations for a given I),. For example, we consider the case where the acting plane

of the applied stress and electric displacement X}, is parallel to the crack surfaces, namely,

o =X%,. From eqns (31), (32), (36), (37) and (38). we require that Z¥,, Z%,, Z*,, Z%,
and Z%, remain finite values as a; goes to zero, and therefore

a2l = a; 2% = ay 2Y, = a, 7% = a, 7%, = 0. (40)
Hence, eqns (33), (34), (35) and (39) respectively become

4}
Z = L3333(a:Z%3) +2L55,3(a: Z%) + 2L5313(a: ZT5) + Liyss (a3 Z5), (41)
33
0
Z = L2333(03Z%3) +2L5503(a5Z%) + 2 L5515 (as ZT5) + Loy s (a3 Z5), 42)
3
0
Z = Li333(a3Z%3) +2L,3,3(a: Z%,) + 2L 5,3 (a: ZF,) + L34 (a:. Z3F), (43)
13
0
Z = L3433(a32%3) +2L5403(0: Z%3) + 203513 (a: 2753 ) + Ligas (a3 Z8). (44
33

Furthermore, from eqn (28), the components of L, ,, can be written in the following matrix
form for a transversely isotropic piezoelectric material :

Using the nonzero components in eqn (45), eqns (41)—(44) can be further reduced to

rLlllI L1122 L1I33 0 0 0 0 0 L1143_
LIIZZ Lllll L1133 O 0 0 O 0 L1]43
L33ll L33|l L3333 0 0 O 0 0 L3343
0 0 0 Ly O 0 0 Ly O
0 0 0 0 Liss 0 Lagy O 0 (45)
0 0 0 0 0 b 0 0 0
0 0 0 0 Ly 0 Lys O 0
0 0 0 Ly, O 0 0 Ly O
_L34|1 L3411 L3433 0 0 O O 0 L3443 |
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693 = Ly333(a3 Z%)+ Lysas(as Z%,), (46)
033 = 2L,353(a:2%5), 47)
aly = 2L 513(a:Z%), (48)
DS = L3413:(a,Z%5) + Lz (a: Z5). 49

Then, the equivalent eigenstrain and eigenelectric field are easily solved from these four
equations as

0 0
T33L5443 — D3 L5345

a; 2% = , (50)
YT LisssLasas — Lysas Laaas
DSLys35—0a%,L
4y 7% = 343333 — 033643433 (51)
3 - k)
Ly333L34a3 — LisasLaass
0
a7t = 37—, (52)
1313
0
g
agz;g:ZL” . (53)
2323

By inspection of eqns (50)—(53) it is seen that the applied shear stress does not couple with
the applied electric displacement, unlike the simple tension case.

CRITICAL STRESSES AND ELECTRICAL DISPLACEMENT

An important quantity in fracture mechanics is the interaction energy, AW, which is
defined as the change of total potential energy due to the presence of the crack. When a
piezoelectric material D contains a penny-shaped crack Q and is subjected to the far-field
traction and electric displacement, £ n;, on the boundary |D| with outward unit normal
vector #,, the interaction energy is written as

iJ

—[%JZO:US",-dx—J (in,)U?dx:'. (54)
D i |D| i

Applying Gauss’ theorem and eqn (25) to the last equation yields

AW = %J (‘E +Z>(U3‘,-+ UJ_,)dx—J

i iJ | D}

(i n,)(U? +U,)dx

17 2 >
AW = —AJ Y Zhdx = —Zna*a, Y. Z%. (55)
2 Q iJ 3 iJ

Next, three special cases of simple tension (£9; = ¢35), normal electrical displacement
(Z44 = DY), and pure shear (X}, = ¢9,) are considered separately. When the piezoelectric
material is considered to be transversely isotropic, the interaction energy can be obtained
explicitly by substituting eqns (50)—(52) into (55) as
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8 W
AW = — Znd(0%)* e (56)
W3333W3443_ W§343
8 3 W
AW = — gmﬁ(z)gy e (57)
W3?33W344? W; 43

8na’(0%,)’
AW = — 20 58
Wiy ©8)

where the following definitions have been made:

Wi = % 2CTI 1 +11512) +4C5(Cas T 505 63301 1403) + C33 5555
+2Cs3e5:00541, +9§3H4433}a

Wisas = Wiass :g{zcw(e,ﬂnllll +es o +essllyy — kT 43) + Cas (2555
Fe3allaaay —K33ll5433) + 25,5, 1415 +9§3H3433_933K33H4433},

Wiass :%‘{2"%1“11111 +10,5,2) +des (es3 115 5 — koIl 4 ) + e300,
—2e3:K3311543, +K§3H4433},

a 2 2
Wi = E{C:M(HH}} + 201,55 +H3311)+2C44€15(Hl413 +H3411)+6’75H441|}~ (59)

The critical stress and electric displacement for a given penny-shaped crack to grow
can be determined from the Griffith (1921) fracture criterion

ém W+ 2na’y) = 0, (60)

where y denotes the surface energy density of the piezoelectric material. Substituting eqns
(56)—(58) into condition (60) leads to

Y(Wi333 Wiagas — VV%.M})’
Gy = 61
33 \/ 2aWsaas ( )
for the critical tensile stress,
¢ — Y(Wsis, W3443—W§343) (62)
2aWis5,
for the critical electric displacement, and
oW
0‘31 _ 7 1313 (63)

for the critical shear stress.
When piezoelectric coupling is absent and the material is isotropic, the expressions in
eqn (59) can be shown as
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2nu (2 —v)
W3333 = 'j;s Wisas = Wiagzs = Wages = 0, Wiz = V—l—_Tﬂ (64)

in which p and v are the shear modulus and Poisson’s ratio, respectively. On substituting
the above equation into eqns (61) and (63), the critical tensile and shear stress, respectively,
become

(65)

and

o my2—v)
7=\ 20-v)a (66)

which agree with the results of Sack (1946) and Sneddon (1946).

STRESS INTENSITY FACTORS

If the matrix and inclusion are perfectly bonded together, the adjacent points just
inside and just outside inclusion suffer no relative elastic displacement and electric field,
and that traction and normal component of the electric displacement across the boundary
are continuous. Namely,

,=ur-us =0, (67)
[Z} n, = (i —%) n, =0, (68)
] T

where [] denotes the jump in the quantity under consideration at the boundary between
the inclusion and the surrounding material, and #, is the unit outward normal to the surface
of the inclusion. The preceding superscripts ‘in” and ‘out’ denote quantities just inside and
just outside the inclusion, respectively.

Since the eigenfield Z7%, is discontinuous on the boundary of the inclusion Q, the elastic
displacement gradient and electric field U,; are discontinuous at the interface. For a line
element dx; on the interface, the jump across the interface can be written as

The above equation is satisfled by choosing
[U,1= An;, (70)

since n;dx; = 0. The unknown magnitude of the jumps, 4, (J = 1 ~ 4), is to be determined.
When the constitutive equation

[Z] = Cuan((Uas] —[Z5)). a1

i

and eqn (70) are used, eqn (68) becomes
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CAiJAbninbj-A = —éUAijbnt'~ (72)

It should be emphasized that Z%, = 0 in the matrix. Now, solving for four unknowns 4,
from the preceding system of simultaneous equations with given », and Z%,,, we have

A4 = CypnZiniN ,(0)/D(m), (73)

where N,,(n) and D(mn) are, respectively, the cofactor and the determinant of matrix

C,1.1,. Thus, the jump of stress and electric displacement at the surface of the inclusion
is found by substituting eqns (70) and (73) into (71) as

[ZJ = Cuar{Z% — CoounZ %16 4gn, M)} (74)

i

where G 45,(n) = N 4o(m)n,n,/D(n). The foregoing equation is similar to that obtained by
Dunn (1994).

Then, for a given applied electromechanical load I, the stress and electric dis-
placement immediately outside the inclusion are obtained as

out 0 in
3-3+543]
iJ iJ iJ iJ
0
= Z + Cinrtn(Suimae + Ionan) 2% — Cis e CroanZ 312 G age, (). (75)
7

Once the eqn (75) is evaluated, the stress and electric displacement concentration factors
of the inclusion is easily defined in a unified form as

out |/ 0
F=Y // Y. (76)
oo

For the crack problem (C%,, = e¥, = 0, and x}; = 0), the concentration factor in eqn (76)
can be further reduced to

{0

- - !
F= CiJAb{Zﬁb—CpQMnZTJnGApr(")} ,/ Z an
[

In the following, the stress and electric displacement intensity factors corresponding to the
three loading cases will be determined.

0
Simple tension case.y = g9;.
iJ
Combining eqns (50)—(53) and (77), the stress concentration factor for simple tension

case is given by

_ (Cy3lsgay —e33L3433) — é33Ab(épQ33L3443 - épQ43L3433)G.4pr)(n)
a3 (L3333L3445 — LyjasLagss) )

F (78)

Denote p = a3/a as the root radius at the penny-shaped crack surface locating on the plane
containing the normal vector n; and the line parallel to the x; axis. If expressed in terms of
the root radius p, eqn (78) can be written as
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_ (Ci3Lasas —€33L43433) — C33Ah(CpQ33L3443 - Cpg43L3433)GApr(n)

F
(L3333 L3443 “L3443L3433)\/l7a

(79)

The Mode I stress intensity factor can then be determined from the above equation as p —
0:

. /-
K, = }H%F\/ 0095, (80)
For an elastically isotropic material, K, is reduced to
2 —
K,=;ag3\/7ra (81)

which agrees with Sneddon’s (1946) solution.

0

Electric displacement case. Y = DY,.
i

Substituting eqns (50)—(53) into (77), the stress concentration factor in terms of the
root radius p on x, — x, plane for electric displacement case is written as

_ (€33L3335 — Ci3Lazas) — C34Ab(CpQ43L3333 - CpQ33L3343)GApr(n)

F = (82)
(L3333 L3443 'L3343L3433)\//Pa
The electric displacement intensity factor for this case is defined by
P = }E{}F pDY. (83)

0
Pure shear case.y = 6%,.
i
In the same manner as the previous cases, the stress concentration factor and the Mode
HI type stress intensity factor for pure shear case are respectively defined by

Cy — és 146 épQJ 1 GApr (m)

F= — (84)
L33/ pa
and
Ky = ‘l)i_{% FV/PUgl' (85)

CONCLUDING REMARK

The anisotropic inclusion method has been extended to investigate the problem of flat
ellipsoidal inclusions in a transversely isotropic piezoelectric material. By assuming the
inclusion is filled with vacuum, and the permittivity of the matrix is much larger than that
of the vacuum, the method is further applied to examine the fracture problem of a penny-
shaped crack embedded in a piezoelectric material subjected to a set of mechanical and
electric loads. The results have indicated that the applied shear stress does not couple with
the applied electric displacement, unlike the simple tension case. Furthermore, based on
the Griffith fracture criterion, fracture stresses and critical electric displacement of the
penny-shaped crack have been obtained in closed forms. The fractures stresses have been
shown to reduce those for uncoupled linear elastic fracture mechanics when piezoelectric
coupling is absent and the material is isotropic. Finally, the explicit expressions for stress
and electric displacement intensity factors have also been given. It is noted that the stress
intensity factors defined in this paper are the limiting case of the stress concentration factors
defined when g, is still finite, multiplied by the root radius and the applied load. As shown
in eqn (81), the resulting stress intensity factors are also in coincidence with those obtained
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in linear elastic fracture mechanics if the material is purely elastic. This confirms that the
formulation obtained in the present paper is applicable not only to the thin crack in
piezoelectric media, but also to elastic anisotropic flat ellipsoidal crack problems.
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APPENDIX

The coefficients appear in I1,;; are listed below :
2y = agdola,, +61,),
% = 2a0dy(2dy | +f1 A0, (A1)
oy = 2bodody —ai bofo —bob i fo +2a0d, | fo +bodof )+ ae fo f1 —aodi by
—aghy ho +bodohy, +ay fohy 4 6agdom +3a0dop ) +3aedog; . (A2)
%y = 2{—apbohy —bab, hy — aga, \my —apby,my + 2bydom, | + 2a, fom,
+bodop i1 +ay for i +bodogy + a0 foq, ) F4acdory ). (A3)
Ay = —2bod, hy —boho f1) —bohohy, —3a, bemg —3byb, My —2a,d, \my —ag i1,
~aghy, ymy+2bg fomy; +2a0homy | +bo fopi) +achopy i +befoqi +avhagiy +6bodory +6bg fory,
%5 = 2(—2bod, g — by fLimg —boh, mg +2bg fory, +2a5hyr, ). (AS)
e = —2bgmom, —bomgpy, —bomoq; + 2boher, + 2agmar, . (A6)

where a, ~ m, and a;, ~ r,, have been given in the paper of Huang and Yu (1994).



